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Abstract
For all k ≥ 3, we show how one can explicitly construct an infinite
family of k-regular graphs all of which have second largest eigenvalue
satisfying the bound O(k1/2). This resolves an open problem of Rein-
gold, Vadhan and Wigderson.
1 Introduction
In this note, we will consider a graph X with vertex set V . By a family of
graphs, we mean a sequence {Xm} of graphs with |Vm| → ∞ as m→∞. We
list the eigenvalues of the adjacency matrix of a graph X as
λ1(X) ≥ λ2(X) ≥ · · · ≥ λ|V |(X).
Given a finite, connected, k-regular graph, it is a straightforward exercise
to show that λ1 = k. It is, however, of more interest to obtain upper bounds
on λ2; the following theorem of Alon and Boppana [1] gives a limit on this
asymptotically.
Theorem 1.1. Let {Xm} be a family of finite, connected, k-regular graphs.
Then
lim inf
m→∞
λ2(Xm) ≥ 2
√
k − 1.
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Thus, asymptotically, the spectral gap λ1 − λ2 is bounded above by k −
2
√
k − 1. As usual, we define a Ramanujan graph to be a finite, connected,
k-regular graph with λ2 ≤ 2
√
k − 1. The central problem in the theory, given
an integer k ≥ 3, is to construct a k-regular family of Ramanujan graphs,
more precisely a sequence {Xm} of finite, connected, k-regular graphs with
λ2(Xm) ≤ 2
√
k − 1 for all m ≥ 1.
These would be the best possible expanders, for the spectral gap would
be as large as is asymptotically possible. The centrepiece of the theory of
expander graphs is that families of Ramanujan graphs have indeed been con-
structed for all k = pa + 1 where p is a prime and a is a positive integer (see
Lubotzky, Phillips and Sarnak [7], Chiu [4], Margulis [8] and Morgenstern [9]).
As such, the first case where a construction of a family of Ramanujan graphs
is not known is k = 7.
In lieu of such a result, it is then of interest as to whether one can explicitly
construct families whose spectral gap is of the form k − O(k1/2). It is the
purpose of this note to outline such a construction.
Reingold, Vadhan and Wigderson [11] developed the so-called zig-zag prod-
uct, and used this to explicitly construct k-regular families of graphs with sec-
ond largest eigenvalues bounded above by O(k2/3) for all k ≥ 3. They then
asked if one could improve this to O(k1/2), which has the same order as that
of the Ramanujan graphs. Ben-Aroya and Ta-Shma [2] came close and were
able to explicitly construct k-regular families with
λ2 ≤ k1/2+O(1/
√
log k)
In an earlier paper, the author [6] showed how one could improve on this
slightly assuming the truth of the Riemann hypothesis. One starts with the
explicit construction of a family of d-regular Ramanujan graphs where d is one
more than a prime, and then uses the Cartesian graph product to produce
a (d + 1)-regular family of graphs with at least the same spectral gap. The
reader should note that the new family is not necessarily Ramanujan, as we
should expect an increase in the spectral gap with respect to an increase in d.
We can iterate this procedure to furnish a family of k-regular graphs for any
k. On the Riemann hypothesis, Crame´r [5] proved that one can bound the
difference between consecutive primes pn, pn+1 with
pn+1 − pn = O(√pn log pn),
and thus, one only needs to iterate so far. The method gave an explicit con-
struction of k-regular families all of whose graphs satisfy
λ2 ≤ k1/2+O(log log k/ log k)
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In this note we resolve, without any condition, the open problem of Rein-
gold, Vadhan and Wigderson viz. the following theorem.
Theorem 1.2. For all sufficiently large integers k, one can explicitly construct
a k-regular family {Xm} of graphs such that
λ2(Xm) ≤ 4
√
k − 1 + k101/232
for all integers m ≥ 1.
It follows from the above theorem, that for all integers k ≥ 3 we can
explicitly construct a k-regular family of graphs with spectral gaps k−O(k1/2).
2 Proof of Theorem 1.2
The proof is short, and is a novel twist of the author’s earlier work, as one
now starts with k-regular families where k is a product of at most two primes
and iterates. Our construction thus relies on two important results. The first
is the construction of almost-Ramanujan graphs given by Pizer [10]; we state
this in the form of the following lemma.
Lemma 2.1. For q ≥ 3, one can explicitly construct a family of (q+1)-regular
graphs {Xm} satisfying
λ2(Xm) ≤ d(q + 1)√q
for all m ≥ 1, where d(n) denotes the number of divisors of n.
The well-known divisor bound states that
d(n) ≤ nO(1/ log logn),
and so one immediately has the explicit construction of a (q+1)-regular family
{Xm} of graphs such that
λ2(Xm) ≤ q1/2+O(1/ log log q)
for all m ≥ 1. This, however, falls short of the result of Ben-Aroya and Ta-
Shma.
We will also need the following result of Wu [12] on almost-primes in short
intervals.
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Lemma 2.2. Let x be sufficiently large. Then there exists an integer n in the
interval
(x− x101/232, x]
such that the number of prime factors of n counted with multiplicity does not
exceed two.
The proof proceeds as follows. Given two graphs X and Y , the Cartesian
product XY is a natural way to obtain a new graph whose properties reflect
those of the original graphs. We will not need to see the general definition of
this, for we are using one specific instance of the product.
Consider K2, the complete graph on two vertices, that is, the graph consist-
ing of two vertices connected by a single edge. Given a finite k-regular graph
X , we note that XK2 is obtained simply by taking X and a duplicate of
X , and connecting each vertex in X with its duplicate vertex. We will denote
this particular Cartesian product by X ′ and note that this is a (k+1)-regular
graph with twice as many vertices as X .
The following result can be found in an earlier paper by the author [6].
Theorem 2.3. Let X be a finite, connected k-regular graph and let X ′ =
XK2. Then
λ2(X
′) ≤ λ2(X) + 1. (1)
Therefore, one may take a k-regular family {Xm} of graphs and get a
(k+1)-regular family {X ′m} with the same upper bound on the second largest
eigenvalue. Iterating this process will give families of all degrees.
Now, let k be sufficiently large, so that we can define q to be such that q
has at most two prime factors and
k − k101/232 < q ≤ k (2)
where p and q are both prime numbers. By Lemma 2.1, it follows that we can
construct a family {Xm} of q-regular graphs such that
λ2(Xm) ≤ 4
√
q − 1.
We now repeatedly take the Cartesian product of each graph in the family
{Xm} with K2 so that we end up with a k-regular family {Ym}. Note that by
Theorem 2.3 and (2) we have
λ2(Ym) ≤ 4
√
q − 1 + (k − q) < 4√k − 1 + k101/232,
and this completes the proof of Theorem 1.2.
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